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synopsis 

One of the important problems in Graph 
Theory is to reoresent a non-planar graph in the 
plane with mini’^um number of intersections. This 
problem has not been solved in general. V'Jhile 
considering this problem, we have defined the 
concept of the denth of a planar granh. It is 
proved that for every non-negative integer s, 
there exists a planar graph of depth s. An algo- 
rithm is also given to estimate the number of 
intersections of a particular kind in a represent- 
ation of a graph with vertices either on the x-axis 
or on the y-axis. 
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CHAPTER I 


Let G be a finite graph. A graph G is said to be p lanar 
if it can be embedded on a plane in such a fashion that the 
vertices are all distinct points, the edges are simple curves, 
and no two edges meet one another except at their terminals, 

A diagram of G, on a plane, which conforms with these conditions 
is called a planar representation of G, Two planar representa- 
tions will be regarded as distinct if they cannot be made to 
coincide with one another by e las tic deformation of the plane (6). 
Any simple closed curve in a plane divides the plane into two areas 
(Jordan’s theorem). A circuit of G is a simple closed curve in 
any planar representation of G. A regi on of a planar representa- 
tion of a graph 6 is an area of the plane determined by a circuit 
of G, which does not contain an area determined by any other 
circuit of G. The circuit of G, which determines a region in a 
planar representation of G, is called the boundary of the region 
and the edges in the circuit are referred to as the edges forming 
the region . A region with a finite (infinite) area is called a 
finite (infinite) region. A planar representation of a graph G has 
exactly one infinite region, which will be called the exterior regie 
A planar graph can be embedded onto a plane in such a way that 
any chosen region will become the exterior region ((1), pp 209). 

Let G be a finite, connected, planar graph with p vertices 
and q edges. Let A be the set of all distinct planar represen- 
tations of G. Our aim is to show that the set A is a finite set. 
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First we will prove that for a graph G with q = p-1 the set 
A rs a finite set. In this case G is a tree. If p = 1, then clearl; 
the set A is a finite set. Assume that, every tree with n-1 ver- 
tices has finitely i^any distinct planar representations. Let G 
be a tree with n vertices. G has at least two pendent vertices. 
Remove the edge incident on some pendent vertex of G. Call this 
graph G^. G^ has two components, G^ (a tree with n-1 vertices) 
and (an isolated vertex). By induction hypothesis, gJ^ has 
finitely many distict planar representations. Hence G has finitely 

many distinct planar representations. Hence the set A is a finite 
set . 

Assume that all graphs with p vertices and e edges Ce>p-1) have 
finitely many distict planar representations. Let G have p vertices 
and e+1 edges. Clearly G has a circuit. Remove an edge from G which 
is in some circuit of G. Thus we get a connected subgraph G^ of G 
with p vertices and e edges. If G^ is a tree, then G^ has finitely ^ 
many distinct planar representations. If G^ is not a tree, then by 
induction hypothesis G^ will have finitely many distinct rpl anar 
representations. Hence G also has finitely many distinct planar 
representations . 
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Hence the set A is a finite set. A graph G with p vertices 
and q edges is called a (p , q) graph. 

Definition 1: Let G be a connected (p,q) graph. Let veV, 

TeA. Define the depth of v in T as the minimum number of 
edges that have to be crossed to reach the vertex v from the 
exterior region of G in T. Denote the depth of v in T by 
Dep.j. Cv) . 

Definition 2: Let G be a connected Cp,q) graph. Define 
the depth of G in T, TeA, as follows and denote it by Dep.j.CG3 . 

Dep.j-CG) = max CDep.j.(v)3 
veV 

Definition 5: Finally, we introduce the concept of the 
depth of a connected (p,q3 graph G as follows and denote 
it by Dep (G) . 

Dep CG) = min (Dep^(G)) 

TeA 

= min max Dep^Xv) 

TeA veV 
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Defioitiog 4 s Let G be a discognected (p>q) graph. Let 

G 2 _,G 2 , jGg t)e the connected components of G . Define 

the depth of G as follows: 

Dep (G) * max Ifep ( , i = 1,2,.. ..,s 

Let the depth of G be n. This implies that for 
every TeA , there exists at least one vertex veV, such that, 
to reach this vertex v from the exterior region of G in T, 
at least n edges have to be crossed? and ^furthermore , 
there exists T'eA .iu which .every veV can be reached 

7 7 

from the exterior region by crossing at most n edges. 

Goless o+hcrwi^^ cs+ci'lecl-' by imHI ctlujo-Y-s- rr> ecin Pmi’le 

planargiapli. The concept of an outerplanar graph was first 

CD 

defined by Chartrand and Harary in 1967. This concept will 
be useful in our further discussion. We give below the 
definition of an outerplanar graph and state some known 
results about them, given in (2), (See pp 106-107 in (2))* 

Definition 5 : A planar graph G is called outerplanar if 
it can be embedded in the plane so that all the vertices 
lie on the exterior region. 

Definition 6 : An outerplanar granh G is called maximal 
outerplanar if no edge can be added to it without loosing 
outer planarity. 

A maximal outerplanar graph is a triangulation 
of a polygon. 

The following theorem and corollary are known 
about maximal outerplanar graphs. 
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Theorem 1 t 

Let G be a maximal outerplanar (pjq) graph with 
p>3. Then G has p-2 regions (excluding the exterior region). 

Corollary 1.1 it 

. Every maximal outerplanar (p^q) graph G has 

a) q = 2p-3 edges, 

b) at least three vertices of degree not exceeding 3, 

c) at least two vertices of degree 2'. 

Remark i The following are the immediate consequences of 
the definition of the depth of a (p,q) graph G and the 
above results, about maximal outerplanar graphs. 

A) A graph G is outerplanar iff i;^p(G)“0 (By defini- 
tion 5 and definition 4) . 

B) Let G be a (p,q) granh. If q > 2p-3, then Dep(G) >l 
(By corollary 1.1(a)). 

C) If the degree of each vertex of G is at least 3, 
then Dep (G) > 1 (By Corollary 1.1(c)). 

D) If the degree of each vertex is odd and if q=2p-3, 
then Dep(G)>_l (By Corollary 1.1(a) and Corollary 
1.1 (c)) • 

E) If G has no vertex of degree 2 or at most one 
vertex of degree 2 and if q=2p-3, then I»p(G)>l 
(By Corollary 1.1(a) and Corollary 1.1 (c>) . 

P) If G' is a subgraph of G^then Dep(G’)< Dep(G). 

Now we proceed to generalise the notion of an 


outerplanar graph. 
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Defigition 7t Let G be a (pjq) graph, with p> 3. Then 
G is called k-outerplanar (3£k£p) if it can be ernbeddad 
in the plane so that k vertices lie on the exterior region 
and it cannot be embedded in the plane so that more than 
k vertices lie on the exterior region. 

Definition 8? A k-outernlanar graph G is called maximal 
k“Outerplanar if no edge can be added to G without lossing 
k-outerplanarity. 

Let G be a (p,q) graph with p^ 3. Let G be maximal 
3-outerplanar. Obviously, it is a icnax£r»«:^ nlanar graph and 
therefore it has 3p-6 edges. 

Since the concepts of outerplanarity and 
p-outerplanarity for a (p,q) planar granh G are equivalent , 
cl©ar'ly> maximal p-outerpianar graph has 2p”3 edges. 

Lemma 1 i 

Let G be a (p,q) graph. Let N = 3p-6-q. Then any 
region of G can have at most N+-3 edges. 

Proof i 

Case 1 » G is connected. 

Let , if possible , G have a region with N+3+t 
edges, where t> 0. Since G is a connected (p,q) graph, 

G has r=q-pA2 regions, including the exterior region^ 

(Euler Polyhedron Formula, see (2)ipp 103)» Prom our 
assumption ,G has at least one region with N+G+t edges . 
each of the remaining regions hsf at least 3 edges. 


6 

Therefore ,we have , 

(N+&H:) +■ (q-p+l)3 


but q = 3p-6-N 

/* 2(3p“6-N) > N+3+t+(3D-6-N-p+l)3 

/. 6p-12-2N > N+3+t+9p-l6-3N-3p+3 

* t < 0 

This contradicts the assumption t > 0. Hence,, 
any region of G has at most ^+3 edges. 


Case 2: G is disconnected- 

Let G ,Go, ....... G be the connected comuonents 

1 ^ ^ ^ ^ ^ - 

of G, s>^l. Let G^ be a ) graph /Or i=l ,2 , . . . . ,s. 


S S'' 

Z Pj:=p S q.=q 

i=l > i=l 

Let N'j^=3pj_-q^-G i = 1,2, ,s. 


We have proved that Lemma l is true for all 
connected graphs G. Therefore, it is true for each of 
these components. Therefore ^any region of Gi can have 
at most ^1+3 edges, for i = 1,2,.. ..,s. 

Let M denote the maximum number of edges a 
region in G can have. Then, 

M 1 z (%+3'> 
i= 1 

* Z (3pi-q. -6+3) 
i=l 

$ s 

=* 3zPi" Z ^i”3® 
i=l i=l 



3p-q-Ss 

3s 
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Since 1 
M< N+3 

whicin completes the proof of Lemma 1. 

Lemma 2 £ 

If G is a maximal k-outerplanar Cp,q) graph, 
then q = 3p-k-3. 

Proof £ 

In a maximal k-outerplanar graph, there is one 
region with k edges and other regions have Sedges each. 
Hence, 


k+3(q-p+l) 



. , 2q = k+-3q-3p-h3 
q = 3p-k-3 

This completes the proof of Lemma 2. 

Remark; 

In Lemma24.1' we put k=3 and k=p we get the number of edges 
in tire cases of maMMai planar* and maximal outerplanar 
graphs, respectively. 

Lemma 3 ; 

Let G be a (p,q) granh. Let R be any region of 
G, formed by maximum number of edges equal to e. 

If q-e >2p-3, then Lep(G)> 2. 


Proof i 


Let T eA . Let Rd be the exterior region of G 
in T. Let Rj have e^ edges. Remove these e^ edges from 
G to get a subgraph Gj. of G. Gp is a (p,q-eij) graph* 

Since ej£e , we have, 

Q — e^ji _> q-e 

but q-e > 2p-3 

q- ej> 2p-3 

Dep i 

Now^Gp is enclosed io the circuit formed by 
the edges (which for» the region R.j-D 

Dep^(G>>2 

Since T is an arbitrary element of A ,we have , 

Dep (G) = ^'fin DepYCG)^2. 

TeA 

This completes the proof of Lemma 5. 

Remark : 

For every TeA ^we get a subgraph of G. If all 
these subgraphs satisfy the conditions of Lemma 3, then 
Dep(G^)^2 for all I* Hence Dep (G) >. 3. In otner 
words, if Dep (Gp) ^m for every TeA, then 
Dep^ (G) ^m+i 

Dep (G> = mih Dep-jCG)^ m+l 
T eA 

We can try to determine the value of m ,as far 
as possible by the application of Lemma 3 to these subgraphs 
till any one of the intermediate subgraphs fails to satisfy 
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the conditions of Lerama 3. .U is not' always po^sitle to 

fin-d this.^numbey easily, bktt an uppe-r' boirntj" can be__easily 

in 

deterwinad ehich is u = of determing m 

ts^e ^ei*rc«heck , whether q-u > 2p-3 or not- 

The following characterisation of outerplanar 
graphs was given by Chartrand and Harary (See (2^pp l07|-» 

A graph is outerplanar iff it has no subgraphs 
honeonjorphic to or K( 2 ^ 3 ) ssxcept • x* 

Thus, in some sense »these two subgraphs are the 
basic non-outerplanar graphs* Obviously DepCK^)^!} 

Dep CK( 2 jS))il* Now we give representations of these 
graphs where every vertex can be reached from the exte** 
rior region by crossing at most 1 edge* ihus DepCK^)>SL 
and also DepCK^ ,a)’ See figure 1 . 



Figure 1 


Theorem 2t 

Let G be a (p,q) graph. 


If q > 3(p-l) - 


P 


2 


s-1 


then Dep(G)^s. 

Proof t 

The theorem is true for s»l (By Remark (B) on page 4); 
Let the theorem be true for all (p,f) graphs- G with 
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q > 3 (p-l> - ^ • Let G be a Cp,q) graph with 

2S”-L 

P 

q >3(p-l) ~ p- • A region in G can have at most 

2 

1 “*= 3p-q-3 edges C by Lemma 1 )• 

.. q“r - q- (3p-q-3) 

= -3t>+2q+3 

' D 

ut q > 3 (p-l) - -- 

2® 

* ■ - P 

. . q-r >-3(p->l)+6(p-l)- —521 

2 

P 

= 3 (p-l) 


Now let T eA and let R,p be the exterior region 
of G in T. Let G.^ be the subgraph of G obtained by 
removing all the edges forming the region Let G^ 
be a (p,qj) graph. 

qj>q-r*> 3(p-l> - — 

gS-l 

Therefore ,by hypothesis, 

Dep (Grp) > s 

,* Depip CG) > S'KL 

Dep (G) = min Depm(G) 

T eA 

i s4l 

Hence the theorem follows. 


Corollary ,2.1 : 

Let G be a maximal k-outerplanar (p,q) granh . 
P 

If k < , then Dep (G)ls. 

3 
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Proof ; 


G has q = Sp-k-S edges Q>v Lemma 2). 
But k < -1;^ 


q > S(p-l) - 


>s-l 


Hence by theorem 2, Dep (G> s. 


Corollary 2.2 J 


If G is a (p,3p“6) graph j, 3 2®> p >3 2®”^, 
then Dep, (G) ^s. 

Proof; 


Since G is maximal 3-outerplanar , k=3. 
Since p> 3 2®”^ 


3=k 


pS-1 

% 


,s-l 


/. By corollary 2.1, Dep (G) ^s. 


Wow we ask the following questions 
Does there exist , a graph of depth s for every 
non-negative integer s ? The following theorem answers 
the question , affirmatively. 

Theorem 3 ; 

For every non-negative integer s, there exists 
a graph of depth s. 

Proof; 


We prove the above theorem by constructing a 
graph of deoth s, for every non-negative integer s. 
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Let G be a (p,3p-6) graph , where p =3 for 
some integer s. Since G is a moixi'wRs# planar graph, 
by corollary 2*2, Dep(G) 

Now we proceed to construct a xwotyi planar 
graph G with 3 2® vertices, whose depth is exactly equal . 
to s. 

C onstruction i 

Draw a polygon with 3 2® vertices. Along the 
polygon, label the vertices a,s a^, a 2 >**‘*} where 
p= 3 2® . Triangulate the polvgon by joining a;i_ to 
^8 > ****’^p-l* graph be denoted by G^» 

0 - <5 

G is maximal 3 2 -o uter planar . 

Dep (G°) = 0 . 

Join ag to a^ja^to a^, a^^gto ap,apto a^. 

Thus, we get a maximal 3 2 “Outerplanar graph. Call 

1 =! — 1 ^ 

this graph G . Here k= 3 2 and k < Therefore, 

2 

-1 

by corollary 2.1,Dep(G )^1. If we remove the exterior 

1 0 
region of G , we get the graph G . 

Hence ^Dsp(G^)£ Dep (G^ Hi =1 . Therefore, Dep(G^)=: 3 _, 

2 1 

Construct G from G-^ by joining sq to ag , 

Q-g lo a^Q,....., ap _2 to Eg * Thus we get a maximal 

q 

^ “Outer planar graph. By a similar argument, we can 
show that Dep(G^) = 2. If we continue this process of 
joining the vertices, on the exterior region, alternately , 



finally we get a graoh G ,wfiicli is maximal 3-outerplanar 

s 

(ma:^iroott planaT) and it is clear tha.t Dep(G ) = s. 

This completes' the proof of the theorem. 

Note that in this construction, we get granhs 

with depths equal to 0,1,2, ,S”1 as intermediate 

subgraphs. 

Lemma 

The (12,30) graph G shown in figure 2, which 
is regular of degree 5, has the depth 3. 

Proof: 



The graph G, shown in the above figure? is the 
one under consideration. Ihe degree sequence of G is , 
5, 5, 5, 5, 5, 5, 5, 5, 5, 6, 5, 5 

Since 12 >3 2^ ^ for s = 2, by corollary 2*2, 
Dep CG) ^ 2. 

Let T • Let Rj fee the exterior region of G in 
T and be the corresponding subgraph of G obtained by 
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removing ail the edges forming Since every region of 
G has 3 edges, g.o* has 2 7 edges^for every TeA . If 
we can show that Dep (Gji) >2 for every T^A , then clearly 
Dep(G) ^3 and since in the representation of G in the 
figure 2, every vertex can be reached by crossing at 
most 3 edges from the exterior region, it follov's that 
Dep (G) == 3» 

Claims Den(Gji) ^2 for every T eA . 

Gij has 12 vertices and 27 edges. By corollary 
1.1(a), Gj is non-outerplanar and DepCG^) > 1 , The degree 
sequence of G^ is 

5, 5, 5, 5, 5, 5, 5, 5, 5, 3, 3, 3 

A region in G^ can have at most 30-2 7+3-6 edges (by 
-Lemma 1). 

% ^as r^i ~ 27-12+2 

= 17 regions* 

We had 20 regions in G. After removing edges 

forming a region R^, 4 regions were disturbed (since 

every edge is contained in exactly two regions) and 

16 regions were undisturbed- Therefore, in G^ we have 

16 regions^ each formed by 3 edges. Let the remaining 

region be formed by e edges. 

, e+l6x3 

•• -—2 

e = 6 

Obviously, the three vertices of degree 3 in 
Gj must be on the boundary of the region with 6 edges* 
Therefore, after removing a region formed by 6 edges, 



15 


we get, a subgraph of G^, say gJ which has 21 (the number 
2p-3, for p=12) edges and its degree sequence is , 
5,5,5,5,5,5,3,3,3,151,1 

Gip has 21 edges but does not have a vertex of 
degree 2 at all . Hence by Remark E on page 4, we getj 

I 

Gj is non-outerplanar . 

Dep(G^) > 2 ^ for every T eA 
/* Dep (G> = 3 

Hence the Lemma is proved* 

Remark ? 

We now observe an interesting fact, viz. two 
planar graphs with same number of vertices 
need not have the same deoth. 

In Lemma 4 ,we have a 12'*vertex unnsxxinit^ planar 
graph whose denth is 3. Mow we construct another 12”vertex 
maximal planar granh whose denth is 2. The procedure will 

r 

be the same as described in the nroof of Theorem 2.'i^is 



(A tjftaxfiwfei planar graph with 12 vertices of depth 2} 


Figure 3 
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Method of determining the depth of a graph: 


Here let G denote any finite planar graph (not necessarily 
simple). Let Dg denote the set of all non-isomorphic duals of G 
Dq is a finite set, since the number of circuits of G are finite 
Let G*eDQ. 

Let V={v,, Vt , ... V } be the vertex set of G. 

12 p 

Let R* denote the vertex set of G* (This is also the set of 
all regions of G, in some planar representation of g). 

Let = {ReR*|v^ lies on the boundary of R). Let R,S e R*. 

Let d(R,S) denote the length of a shortest path between R and S 
in G*. 

Define 

. _ min min max min d(R,S) 

“G*eDQ ReR* Vj^e V SeR.^^ 


Lemma 5: 


A is the depth, of G, 


Proof: 


Let 


K„ = min d(R,S) 
SeRvi 


are fixing v^ and R. 


Here we 


By the definition 



17 


Of lies oo the boundary of all regions which 

belong to -Deterffline %,Vi 

minimum number of g<jges have to be crossed to reach 

the vertex v-s from the region R» Now, let Kp “ max Kp « . • 

Vj[ev ^ 

Then Kj^ gives the maximum number of edges that have 
to be crossed to reach any vertex of G from R» Now it 
is obvious that minim^ir of rati! will be 

the depth of G. Hence the I^mma. 


Remark « 

The region (or regions) for which 

max min d (H,S) = ^ is precisely the one wriich 

ViEV SOR^^ 

should be choosen as the exterior region to get the 
representation of G in which every vertex can be 
reached from R by crossing at most a edges. 

Open Problem i 

Let g” denote the collection of all planar 
graphs with n vertices • Let us denote by d^ the 
largest depth that a planar graph with n vertices 
can have . Determine this number dj^ ^or each non"negative 
integer n. This will then give the upper bound on the 
depth of a graph with n vertices , attained by some 
G eG’J 



18 


CHAPTER II 

The nort-planar granhs arise in practice in rrr.ny 
different places . The main problem, here, is to draw 
a non^planar graiah in the plane , with minimum number 
of intersections. This problem has not been solved in 
general; but the solutions, in terms of upper bounds 
have been obtained for some special classes of graphs. 
Zarankiewicz (see (3)) has considered this problem for 
complete bipartite graphs. T. A. J« Nicholson (see (4)) has 
described a procedure wherein the intersections obtained 
are minimum or near to the minimum intersections. He 
gives the representation of the graph G fey placing 
the vertices ofl G on a straight line in the plane. 
Hashimoto (see (5)) hs.s pointed out that Nicholson’s 
procedure does not work for a -planar grs^ph • shown in fig- 
ure 4.. Nicholson represents all the vertices of G on 
a straight line and gives a procedure to obtain a 
2*»optimal permutation (that permutation in which inter- 
changing of any two vertices will not reduce the number 
of intersections) of the vertices. The failure of 
Nicholson’s algorithm suggests that it may not be advi- 
sable to have all the vertices on a straight line. We 
can have some vertices along the x-axis and the rest 
along the y-axis in the co-ordinate plane. The planar 
graph given in (5), (shown in figure (4)) for which 
the Nicholson’s method fails, can in particular be 
represented in the above way. (see figure (5)h If 
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we want to represent the graph in the above fashion, 
the following problems arises 

1. The first problem is to give a cpiterian to 
decide which vertices should be placed along a parti- 
cular axis. 

2. The second one is to decide how the connections 
should be made between the vertices. 

3. The third problem is to gfyp a nrnefhcd 4o es-kmcti? nurtifcei' 
intersections in a particular representation of G. 

Some of the above problems are considered below s 
a.rankiewic 2 gave a representation which realises 
the minimiOT number of intersections in comnlete bij^rtite 


i 
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graphs* He represents one set of vertices along x“axis 

the rest along y-axis, such that, all the connections 

are from x-axis to y-axis. The connections are made by 

straight lines. We suggest that in the x-y axis represent- 

■ ■ between 

ation of anv graph G,the connections cZ vertices on x-axis 
to those on y-axis should be made bv straight line edges. 
The connections between the vertices of x-axis (y-axis) 
will be made by parts of- semi -circles. In this case 
we can use the formulae given by Nicholson to estimate 
the number of intersections .In what follows, a method 
is described to estimate the <number of intersections^ 
in a x-y axis representation, beVwecn s+-line edges. 

Precisely, we want to know the number of inter- 
sections in each of the quadrants of the co-ordinate 
plane, between the straight line edges. The sum of the 
intersections, in all the four quadrants, will give the 
total number of Intersections between the straight lines 
in a given representation. 

Consider, in particular, the second quadrant. 

Let there be n vertices on the negative side of the 
x-axis and m vertices on the positive side of the y-axis* 
Let the connection matrix H be as shown below. Let 
the x-co-ordinates of the vertices on x-axis be 

X. ,x„, ,x and the y-co -ordinates of the vertices 

X n 

on y-axla be y^, yg, , y„. tte a, 3)® entry of h 

wiil be 1 if there is an edge joining the vertices Cx, ,0) 
and (0,yj[)i otherwise the (i,3) entry will be zero. 
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H 


10 0 


.. 0 d 


0 1 0 » 


10 1 
-Xi X2 X3 

l,k 




yi 


^2 


(W. 


m 


Let L * be the line (xj^»0) and (0,.yi) 

and be the line ( 0 , 7 ^). Now it 

Ik* Cf •D 

is easy to see that L ’ and L ’ intersect if and only 
if 

t ^kl >1 ! s-nd I yi 1 <\y’\ 


or 

2* \x^\< I Xp 1 and i yj > I y^” 1 

Let Ci,j)^^ ontry of M be 1. Let L^ be the 
corresponding line joining Gc^ ,0) and (0,yj^)« We can 
find out, by making use of the conditions started above, with 
wha.t lines, the line L^ intersects. If, for each line, 
we find out the number of lines with which it intersects, 
then the addition of all these numbers will give twice 
the total number of intersections, since each inter- 
section is counted twice. Suonose that we have fixed 

1 k 

a particular line, say L » . Ihen we find the number 
of lines which satisfv the condition 1, with the line 
• This we do for each line L^’^* The addition of 
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ail these nutgbers will then, give us the total number 
of intersections* Now we give a simple algorithm in which 
we construct two matrices from The sum of the elements, 
on the principal diagonal of the product of the above two 
matrices, which will be constructed, gives the total number 
of intersections. 

Consider the line No line satisfies 

the condition 1 with L ’ • In fact no line satisfies 

the condition 1 with for r = l,2,....,m) and 

(for s = l,2,....,n). Consider the line It will 

satisfy the condition 1 with lines joining vertices 
i+l, ii>^,....,m on y-axis and vertices 1,2,..«,3"1 on 
X-axis. 

Let us define two matrices U and L a-s follows! 

Let U be the matrix obtained by deleting the 
first column and the m^ ^ow of M, Let L be the matrix 

obtained by deleting first row and n^^ column of M. 

T 1 

Let L be the transpose of L. Construct the matrix L-^ 

T 

from L as follows. 

Let Cj[ (for i=l,2,... . . ,m-l) denote the columns 
of L^ . Define a«d ci = C^ +0^, i = l,2,...m-2 • 

Le t L^ be (^1 ^ ^ 2 , • ♦ . . , Le t (for i—l ,2 , • . . • ,n— 1 ) 

1 t f ! * ■ ■ ■ 

denote the rows of L . Define r^ = r^ and 

for i* 2,3,.. .. ,n-l. Let L"* be the matrix whose rows 

are r^, r^j Let P = 
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Lemma 1: 


The sum of the elements on the principal diagonal 
of P is the number of intersections between the straight 
line edges in the second quardrant. 

Proof * 

U* is an m-1 x n-1 matrix. Here 
for i = l,2,...,ro-l and 3 = 2,3,....,n. Consider 

^1,1 “ ™l 2* ®1,2 ~ denote the correspond- 

ing line by m^»^ • We see that m^jl satisfies the condi- 
tion 1 with lines m^»^ Tor which the entries m;j_ i Tor 

m i- 

i = 2,3,...,m. ThereTore,_2 total 

number of intersections associated with m^’ , by using 
condition 1. 

If we consider the element u^ 2 = ™1,3’ 

we see tnat the number of intersections associated with 

the line m^»^,by using condition l,will be given by t 
m m m 

+ J 2 ”1,2 = J 2 <^"1,1 ■^“i.2^ 

Thus, for an element ui^g.^ = the number 

of intersections with the corresponding line m®’^j 

by using condition 1, will be given by J 
® s-1 ■ ^ 

Z z ™i,3 

i-2 j=l 

for every s = 2,3, n-» . 

Thus corresponding to the 1st row ^ of U*» we 

have a column vector t£ such that t^ will give the 

intersections associated with the elements of (by 
using condition 1 ) . This vector tT is given bys 
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m 

1 


Z 

Z 

” 1,3 

i=2 

1=1 


m 

2 


Z 

Z 

" 1,3 

i=2 

1=1 

• 

m 

n-1 

* 

Z 

= 2 

Z 

1=1 



Consider oew any row say of 
ponding column rector given bys 
m 1 

. S 2 ®i,3 

i=k+l j=l 


m 

Z 


i=k+l 







m 

Z 


i=k+l 


n-1 

Z 

j = l 



The corres-“ 


and % gives the number of intersections associa- 
ted with the lines corresponding to the elements of 
(by using condition where k = 1 ,2 ,••••• ,m"l» 

Now ) we form the matrix of the column vectors 

jjjj 

say T “[t^ , t 2 $ 

Now it is clear that give the 

total number of intersections required* This will be 
precisely the sum of the elements on the principal 
diagonal of the product U*T^. 

Nbw^ it is easy to see that T'' = L* 

Hence the Lemma is proved* 
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Now suppose that all the entries of M are 1, 
This means that, every vertex on the x-axis is joined 
to every vertex on the yaxis, in the second quadrant* 
In this case , 



and 


n-1 ni-2 2 

2(q-1> 2(n-2) - - - - 4 


L 


* 





1 

2 


(m-l)(jn-l) (m-1 ) (n-2 > • - 2 (m-1 ) m-1 | 

n-lxm*l 


It is now easily seen that the sura of the elements 
on the principal diagonal of P = U^L* will be given by 


*Pd 


n-1 m-1 

= 2 k 2 s 

k=l s = l 

ran (in-l ) (n-1 ) 


Using this formula, we can verify that the 
Zarankiewicz ' s representation realises the minimum 
number of intersections proved by him, for complete 
bipartite graphs* 
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Consider a ooraplete bipartite granh ^(p^q)* 

Let m'*' and n*** denote the vertices on the positive 
side of the y-axis and positive side of the x“axis, 
respectively. Let m and n” denote the vertices on the 
negative side of the y~axis and the negative side of 
the x”axis, resnectively. (There is no edge here between 
the vertices of the x-axis Cv-axis)). 


Case l i 

p = 2k , q = 2s 

m = in = k and n = n = s 

then the Intersection number Ip,q is given 


by! 


ks (k-l) (s-1) 


(k^“k) (s^-s) 


Case 2i 


p = 2k+l , q = 2s+l 

k-KL , m“ == k and = sH^ , n” - s 


P»q 


(k+1) (s-H.) ks (k+l) (s) (k) (s-1) 

^ 

4 : 4 

k(s+l)(k-l)s ks (k-l) (s-l) 

4 * ----------- + 

4 4 

* k2s2 


Case 3! 

p = 2k'+l, q = 2s 

k-H, m‘"=k and = n“= s 
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2ks (k-l) (s-l) 2^+1) (s) (k) (s-l) 

P»<3 


= k^ (s^-s) 


Case 4 ; 

p = 2k q = 2s+l 

This verifies the Z^rankiewicz formulae. 

R emark s ^ 

The problem that remains to be settled is how 
the decomposition of the vertices should be done along 
the x“axis and the y-axis . We suggest the following 
decomposition. Find' a maximal bipartite subgraph (that 
bipartite subgraph of G, which has at least as many 
number of edges as any other bipartite subgraph of g)» 
of G. i?ind out the two disjoint vertex sets joined in 
this maximal bipartite subgraph. Take one set of vertices 
along the x-axis and the other set of vertices along 
the y-axis. The reason -for suggesting this decomposition 
is that by finding a maximal bipartite subgraph of G 
we are, in some sense, close to the complete bipartite 
graph . 

Another important problem is to estimate the 
number of different types of intersections. In this x-y 
axis representation of G, we come across the following 
different types of intersections between different types 
of edges of G. 
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1 . The number of intersections taking olace between 
the edges , which are parts of semi-circles, 3oi«ing tiie 
vertices on the x-axis (y-axis) to the vertices on the 
X-axis (y-axis) . 

2. The number of intersections taking place between 
the edges, which are straight lines, joining the vertices 
on the x-axis and the vertices oh the y-axis. 

3. The number of intersections taking place between 
the straight line edges and the edges, which are parts 
of the semi-circles. 

4. The number of intersections taking place between 
the edges joining the vertices on the x-axis and the 
edges joining the vertices on the y-axis. 

The first two types of intersections have been 
estimated (type 1 by Nicholson in (4) and type 2 as 
discussed in Lemma 1 of Chapter II). 

We hope that in estimating the number of inter- 
sections of tvne 3, the concept of the denth of a planar 
graph ( defined in Chapter I) ma\' be useful. 

We suggest the following outline of the procedure 
Xor minimising the number of intersections in a given 
graph G. 

1. Decide, which vertices of G ^ould lie on the 
x-axis and the y-axis, by using some decomposition 
criterian. 

2. Estimate the different types of intersections 
in a given x-y axis representation of G. 
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3. Let R be an x-y axis representation of G in 

the plane. Let Ir denote the number of intersections 
of G in R. Let R’ be a representation of G in the plane 
obtained by interchanging either a pair of vertices on 
the x~axis or a pair of vertices on the y-axis. Let 
be the number of intersections of G in R • Then R is 
called 2-2 ontimal if * 

Now after the decomposition of the vertices is 
done, permute the vertices on the x-axis and vertices on 
the y-axis to get a 2-2 optimal representation of G. 
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